Cosmic inflation as a renormalization-group flow: the running of power
  spectra in quantum gravity by Anselmi, Damiano
ar
X
iv
:2
00
7.
15
02
3v
1 
 [h
ep
-th
]  
29
 Ju
l 2
02
0
Cosmic Inflation as a
Renormalization-Group Flow:
the Running of Power Spectra
in Quantum Gravity
Damiano Anselmi
Dipartimento di Fisica “Enrico Fermi”, Universita` di Pisa
Largo B. Pontecorvo 3, 56127 Pisa, Italy
and INFN, Sezione di Pisa,
Largo B. Pontecorvo 3, 56127 Pisa, Italy
damiano.anselmi@unipi.it
Abstract
We study the running of power spectra in inflationary cosmology as a renormalization-
group flow from the de Sitter fixed point. The beta function is provided by the equations
of the background metric. The spectra of the scalar and tensor fluctuations obey RG
evolution equations with vanishing anomalous dimensions. By organizing the perturbative
expansion in terms of leading and subleading logs, we calculate the spectral indices, their
runnings, the runnings of the runnings, etc., to the next-to-leading log order in quantum
gravity with fakeons (i.e., the theory R+R2 +C2 with the fakeon prescription/projection
for C2). We show that these quantities are related to the spectra in a universal way.
We also compute the first correction to the relation r = −8nT and provide a number of
quantum gravity predictions that can be hopefully tested in the forthcoming future.
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1 Introduction
Gravity is the only interaction of nature that permeates the whole universe, from the
smallest distances to the largest ones. Thanks to this, it may allow us to establish a
connection between high-energy physics, specifically quantum field theory, and cosmology.
In this paper we lay out an ingredient of this relation by formulating the history of the
early universe, starting from inflation [1, 2, 3, 4, 5, 6, 7, 8] and the primordial quantum
fluctuations [9], as the evolution of a peculiar renormalization-group (RG) flow in quantum
gravity, which we call “cosmic RG flow”.
The effects of quantum gravity are expected to become important at energies that are
too large for our laboratories. If we want to test predictions, a better idea is to use the
universe itself as a laboratory. In this context, a consistent theory of quantum gravity
relating the smallest and the largest scales of magnitude may be of great help. Because
the universe was “small” at the beginning of time, what happened then may be calculable
perturbatively. Since the primordial evolution of the universe left detectable remnants in
the cosmic microwave background radiation as we see it today, by scrutinizing the sky we
may have chances to put quantum gravity to a test.
Pursuing the idea of a connection between cosmology and high-energy physics, a sound
proposal for quantum gravity should follow from principles similar to those that lead to the
standard model of particle physics, which are locality, renormalizability and unitarity. The
advantage of an approach like this is that, if it offers an answer, it gives a very constrained,
basically unique one.
A proposal with the claimed features has indeed become available recently from quan-
tum field theory [10]. The basic idea is the same that lead to the introduction of the
intermediate W and Z bosons and gave birth to the standard model of elementary parti-
cles.
At that time, the goal was to remedy the problems of the Fermi theory of the weak
interactions and gain renormalizability while preserving locality and unitarity. The Fermi
theory can be schematically represented by means of four fermion (current-current) ver-
tices, which are not renormalizable. Postulating the existence of suitable intermediate
bosons, the four fermion vertices can be effectively generated through the exchange of vec-
tor fields, as shown in figure 1. In the case of quantum gravity, the left drawing is replaced
by multi graviton vertices and the right drawing is replaced by trees where the graviton
external legs exchange a new type of particle, the fakeon [11].
The difference between the standard model and quantum gravity is that the interme-
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(ψ¯γµψ)(ψ¯γµψ) (ψ¯γ
µψ)〈AµAν〉(ψ¯γνψ)
Figure 1: Fermi theory of the weak interactions vs standard model
diate bosons that must be introduced to make sense of the latter are of a new type, which
had to be uncovered anew. The fakeon is a purely virtual particle, which mediates inter-
actions but does not belong to the spectrum of asymptotic states. It can be introduced
by means of a new quantization prescription, alternative to the Feynman iǫ one, combined
with a projection that is consistent with it.
The prescription amounts to starting from the Euclidean theory and ending the Wick
rotation nonanalytically by means of the average continuation anytime a threshold involves
fakeons [10]. The average continuation is the arithmetic average of the two analytic con-
tinuations that circumvent the threshold [12, 11]. The computations of renormalization
constants, cross sections, widths and absorptive parts in quantum gravity with fakeons
[13, 14] show that: the renormalization is unaffected by the fakeon prescription [11] and
so coincides with the one of the Euclidean version of the theory [15]; the absorptive parts
are crucially different, since unitarity depends on them.
The projection works to some extent like the one involved in the quantization of gauge
theories (which is the one that allows us to consistently drop the gauge-trivial modes
and the Faddeev-Popov ghosts from the spectrum), but does not follow from a symmetry
principle. The combination of the two operations (prescription and projection) is consistent
and returns a theory that is unitary at the fundamental level (see [11] for the proof to all
orders and [16] for the analysis of the bubble and triangle diagrams).
In cosmology, new aspects play important roles. Because the loop corrections are
negligible up to a high degree of precision [17], it is natural to try and quantize the
classical limit directly. However, when a theory contains fake particles, its classical limit
is nontrivial. It is not described by the “classical” action one starts with to formulate the
quantum field theory, because that action is unprojected [18]. Moreover, a purely virtual
particle cannot be found by quantizing something classical [19]. The way out is to classicize
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quantum gravity as explained in [18]. Once the correct classical limit is found, it can be
used as the starting point to study cosmology, as shown by Bianchi, Piva and the current
author in [20].
In this paper we make a step forward towards a better definition of the relation be-
tween cosmology and high-energy physics. Specifically, we describe the history of the early
universe as an evolution that resembles the one of the running couplings in quantum field
theory and use this setting to derive new quantum gravity predictions about inflationary
cosmology. The cosmic RG flow starts from a fixed point, which is de Sitter space. It
is described by a coupling “constant” α, which has values between 0 and 1, and its beta
function βα(α), which is a power series in α and follows from the equations satisfied by the
background metric. Around α ∼ 0 the beta function is negative and proportional to α2.
It further vanishes for α = 1, which is however not a fixed point. The power spectra of the
scalar and tensor fluctuations obey standard Callan-Symanzik RG evolution equations in
the superhorizon limit, with vanishing anomalous dimensions.
The tools provided by high-energy physics allow us to gain insight into the structure
of the power spectra, where we can distinguish a core part and an RG part. The core
information is a power series with constant coefficients in the coupling α, but has no a
priori relation to the beta function. Because of this, it is specific of the (scalar, tensor)
spectrum we are considering. The RG part of the spectrum, on the other hand, is the one
controlled by the RG equation. For this reason, it is universal (i.e., the same for every
spectrum) and encoded into the beta function.
The running can be studied efficiently by organizing the perturbative expansion in
terms of leading and subleading logs and resumming all the powers of α∗ ln(k∗/k), where
k is the scale, k∗ is the pivot scale and α∗ is the value of the coupling at the pivot scale.
In the next sections, we work out the scalar and tensor spectra and their runnings in
quantum gravity to the next-to-leading log order. We also compute the first correction to
the relation r + 8nT = 0, where r is the tensor-to-scalar ratio and nT is the tensor tilt.
These are quantities that can be hopefully measured in the future.
As already stressed, the cosmic RG flow is originated by the dependence on the back-
ground metric. In this sense, it is the intrinsic flow of inflation. The expression “running”,
widely used for the dependence of the tilts on ln k [21], fits the terminology used here. How-
ever, other concepts that can be found in the literature have meanings that differ from the
ones we attribute to them. For example, the beta function βα defined in this paper does
not match the quantity called “beta function” by Bine´truy, Kiritsis, Mabillard, Pieroni
and Rosset in [22] (which is proportional to the quantity α that we call “coupling”). We
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think that our interpretation of the formal relation between cosmology and high-energy
physics is more to the point than the one proposed there, because it allows us to dissect
the structure of the power spectra.
Moreover, the cosmic RG flow we are talking about does not refer to the running
of masses or coupling constants induced by high-energy physics, studied for example in
ref. [23] by Myrzakulov, Odintsov and Sebastiani. Nor the RG induced inflation defined
by Ma´ria´n, Defenu, Jentschura, Trombettoni and Na´ndori in ref. [24]. Yet, for various
applications it might be useful to combine these types of flows altogether. Finally, the
factor z that relates the curvature perturbation R to the Mukhanov variable (see for
example [25]) is not interpreted as a wave-function renormalization constant Z. If it were
so, it would lead to an anomalous dimension, but we find that the anomalous dimensions
vanish.
In models without fakeons, the running of spectral indices has been calculated in various
scenarios [26], including subleading corrections [27]. Besides upgrading the techniques of
[26, 27] and including purely virtual quanta, the understanding offered in this paper allows
us to appreciate important aspects of inflation and make calculations more efficiently.
Hopefully, primordial cosmology will provide an arena for precision tests of quantum
gravity. With this in mind, we use the results of our calculations to derive a number of
predictions that might be tested experimentally in the forthcoming years.
The paper is organized as follows. In section 2 we study inflation as an RG flow, define
the coupling α and study its beta function. We also organize the perturbative expansion
by resumming the leading logs and the subleading logs, and use these tools to compute the
running coupling to various orders. In section 3 we study the scalar and tensor spectra in
the limit of infinitely heavy fakeon, which returns the Starobinsky R + R2 theory [2, 28].
In section 4 we upgrade the results of section 3 to quantum gravity, emphasizing the
dependence on the fakeon mass mχ. In section 5 we summarize the predictions, while
section 6 contains the conclusions.
2 The cosmic RG flow
In this section we define the cosmic RG flow and study the running coupling α and its beta
function βα. For later use, we organize and resum the perturbative expansion in terms of
leading logs and subleading logs.
Quantum gravity with fakeons is described by a triplet made of the graviton, a massive
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scalar φ (the inflaton) and a massive spin-2 fakeon χµν . The starting, unprojected classical
action can be written in the form
SQG = − 1
16πG
∫
d4x
√−g
(
R +
1
2m2χ
CµνρσC
µνρσ
)
+
1
2
∫
d4x
√−g (DµφDµφ− 2V (φ)) ,
(2.1)
where V (φ) is the Starobinsky potential
V (φ) =
m2φ
2κˆ2
(
1− eκˆφ)2 , (2.2)
while κˆ =
√
16πG/3 and mφ, mχ are the masses of φ and χµν , respectively. For conve-
nience, we have switched off both the cosmological term and the matter sector.
The theory (2.1) is renormalizable, once the cosmological term is reinstated. Indeed,
up to a standard, nonderivative field redefinition, it is equivalent to the action
Sgeom(g,Φ) = −M
2
Pl
16π
∫
d4x
√−g
(
R +
1
2m2χ
CµνρσC
µνρσ − R
2
6m2φ
)
, (2.3)
which is renormalizable by power counting [29]. Both (2.1) and (2.3) contain the square
C2 of the Weyl tensor Cµνρσ. If all the poles of the free propagators (in the expansion
of the metric around flat space) are quantized by means of the Feynman iǫ prescription,
Stelle’s theory [29] is obtained, which contains a spin-2 ghost and violates unitarity.
The solution is to quantize the massive spin-2 pole by means of the fakeon prescription,
which allows us to project the particle away from the physical spectrum at the fundamental
level. The procedure works in cosmology under the consistency condition mχ > mφ/4,
which puts a lower bound on the mass of the fakeon with respect to the mass of the
inflaton [20].
Throughout this paper, we work in the “inflaton framework” and conform to the no-
tation of [20]. The inflaton framework is the one where the scalar field φ is introduced
explicitly and the action is (2.1). The action (2.3) defines the “geometric framework” of
ref. [20]. It can be shown that the two frameworks lead to the same physical results, as
expected, although several intermediate steps may look rather different. It is worth to
stress that, even if we use (2.1), we do not have the freedom to change the potential V of
(2.2), because if we did so we would destroy the renormalizability of the theory.
To define the cosmic RG flow, we start from the Friedmann equations, which are
unaffected by the C2 term and read
H˙ = −4πGφ˙2, H2 = 4πG
3
(
φ˙2 + 2V (φ)
)
, φ¨+ 3
a˙
a
φ˙ = −V ′(φ), (2.4)
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where H = a˙/a is the Hubble parameter. We study the evolution from the de Sitter limit
(which is φ → −∞). For the applications we have in mind it is sufficient to cover the
region φ < 0, so the equations we write below are valid in that domain, which means to
the left of the minimum φ = 0 of the potential (2.2). They can be extended to the other
domains by flipping the signs in front of the square roots we are going to meet.
It is useful to define the “coupling”
α =
√
4πG
3
φ˙
H
=
√
− H˙
3H2
(2.5)
and eliminate V and φ˙ by means of the first two equations of (2.4). So doing, we obtain
φ˙ =
√
3
4πG
αH, V =
3
8πG
(1− α2)H2. (2.6)
Note that we must have −1 6 α 6 1. Moreover, in the domain we are interested in we can
take α to be nonnegative. Then the flow describes the evolution from φ = −∞ to φ = 0.
We eliminate φ¨ from the last equation of (2.4), by noting that the potential (2.2)
satisfies
V ′ = 4V
√
4πG
3
−mφ
√
2V . (2.7)
Differentiating the first equation of (2.6) with respect to time and using the last equation
(2.4), followed by (2.5), (2.7) and the second of (2.6), we find
α˙ = mφ
√
1− α2 −H(2 + 3α) (1− α2) . (2.8)
This equation can be extended to the right of the V minimum (φ > 0) by flipping the sign
in front of the square root that appears on its right-hand side. It can be extended to α < 0
(i.e., φ˙ < 0), by flipping the sign in front of the square root of (2.5).
Equation (2.8) still contains H , which can eliminated as follows. We first write the
most general expansion
H =
∞∑
n=0
hnα
n (2.9)
in powers of α, where hn are unknown constants. Then we differentiate this relation with
respect to time. The left-hand side gives H˙ = −3α2H2, by (2.5), which is turned into a
power series in α by using (2.9) again. The right-hand side is turned into another power
series in α by means of (2.8) and (2.9). Comparing the two sides, we find
H =
mφ
2
[
1− 3α
2
+
7α2
4
− 47α
3
24
+
293α4
144
+O(α5)
]
. (2.10)
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The formula can be pushed to arbitrarily high orders.
Thanks to (2.10), we can use (2.8) to express α˙ as a power series in α. However, the
derivative is still with respect to time. It is convenient to introduce the conformal time
τ = −
∫ +∞
t
dt′
a(t′)
(2.11)
and convert the derivative by means of
d
dt
=
H
aHτ
d
d ln|τ | .
For this purpose, we need the expansion
− aHτ = 1 + 3α2 + 12α3 + 91α4 +O(α5), (2.12)
which can be derived with the method used for (2.10).
At this point, it is straightforward to convert (2.8) into the beta function
βα ≡ dα
d ln|τ | = −2α
2f(α), (2.13)
where
f(α) = 1 +
5
6
α +
25
9
α2 +
383
27
α3 +
8155
81
α4 +O(α5). (2.14)
Note that βα is negative for α small, so the cosmic RG flow is “asymptotically free”, which
means that it gives the de Sitter metric in the infinite-past limit t → −∞, which is also
τ → −∞.
It is easy to show that α = 0 is the only fixed point of the flow. Indeed, a fixed point
has α = constant. The right-hand side of equation (2.8) vanishes for
mφ
2
= ±H
(
1 +
3
2
α
)√
1− α2 (2.15)
(the ± being inserted to cover the case φ > 0) and for α = ±1. We consider the two cases
separately.
Equation (2.15) implies H˙ = 0. However, H˙ is also equal to −3α2H2, so we can either
have α = 0 or H = 0. The option H = 0 is not acceptable, because it is incompatible with
(2.15). In the end, we obtain the de Sitter fixed point α = 0, H = mφ/2 (since H cannot
be negative).
As far as the cases α = ±1 are concerned, they are zeros of the beta function, but they
are not fixed points. Indeed, for |α| . 1, (2.8) gives
α˙ ∼ ±mφ
√
1− α2.
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This equation is solved by α ∼ cos(mφ(t− t0)), which takes us to the oscillating behavior
of the reheating phase.
To simplify some calculations, it is convenient to define the variable η = −kτ , where k
is just an arbitrary constant for the moment. We solve (2.13) by writing
d lnη = − dα
2α2
(
1− 5
6
α− 25
12
α2 − 2189
216
α3 +O(α4)
)
(2.16)
and integrating term by term. The solution can be organized by means of leading and
subleading logs, which can be easily resummed.
Let α0 denote the value of α at η = 1. The expansion in terms of leading and subleading
logs is the expansion in powers of α0 under the assumption that α0 ln η is of order one.
This means that the powers of α0 ln η must be resummed into exact expressions. Modulo
overall factors α0, the leading logs are the powers α
n
0 ln
n η, n > 0, the next-to-leading logs
are the corrections proportional to αn+10 ln
n η, n > 0, the next-to-next-to-leading logs are
the corrections αn+20 ln
n η, and so on.
Thanks to the renormalization group, the inclusion of each set of corrections requires to
add just one term of the expansion in powers of α. At the leading log level, it is sufficient
to keep the first term inside the parenthesis of (2.16), which gives the running coupling
α(−τ) = α0
1 + 2α0 ln η
. (2.17)
The expansion in powers of α0 ln η is just a geometric series in this case. We can view the
initial condition α0 as implicitly k dependent, i.e., as the coupling
α0 = α(1/k) (2.18)
at |τ | = 1/k. Then α(−τ) is k independent, i.e., it is the coupling at conformal time τ .
More generally, the running coupling can be organized in the form
α(−τ) = α0
λ
∞∏
n=1
(1 + αn0γn(λ)), λ ≡ 1 + 2α0 ln η. (2.19)
The first few functions γn(λ) are
γ1(λ) =−5 lnλ
6λ
, γ2(λ) =
25
12λ2
[
1− λ− lnλ
3
(1− lnλ)
]
,
γ3(λ) =
1
432λ3
[(1− λ)(2939 + 2189λ)− 125(14− 6λ− 3 lnλ) lnλ] . (2.20)
To give an example, the running coupling to the next-to-leading log order can be found
by keeping the first two terms inside the parenthesis of (2.16), which gives
α(−τ) = α0
1 + 2α0 ln η
(
1− 5α0
6
ln(1 + 2α0 ln η)
1 + 2α0 ln η
)
. (2.21)
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3 Limit of heavy fakeon (mχ =∞, action R +R2)
In this section, we study the cosmic RG flow in the limit of infinitely heavy fakeon, mχ →
∞. The action (2.1) turns into
SQG = − 1
16πG
∫
d4x
√−gR + 1
2
∫
d4x
√−g (DµφDµφ− 2V (φ)) . (3.1)
Recalling that the potential is (2.2), we obtain the Starobinsky R+R2 theory in the inflaton
approach, which provides a good arena to illustrate the strategy of our calculations before
generalizing them to quantum gravity.
We show that the spectra of the tensor and scalar fluctuations obey RG evolution
equations in the superhorizon limit, with vanishing anomalous dimensions. Due to this,
the tilts and the running coefficients are related to the spectra in a universal way. The
procedure we describe can be extended to arbitrarily high orders. We compute the first
few orders explicitly.
For reviews that contain details on the parametrizations of the metric fluctuations and
their transformations under diffeomorphisms, see [25, 30].
3.1 Tensor fluctuations
To study the tensor fluctuations, we parametrize the metric as
gµν = diag(1,−a2,−a2,−a2)− 2a2
(
uδ1µδ
1
ν − uδ2µδ2ν + vδ1µδ2ν + vδ2µδ1ν
)
, (3.2)
where u = u(t, z) and v = v(t, z) denote the graviton modes. Denoting the Fourier trans-
form of u(t, z) with respect to the coordinate z by uk(t), where k is the space momentum,
the quadratic Lagrangian obtained from (3.1) is
(8πG)
Lt
a3
= u˙ku˙−k − k
2
a2
uku−k, (3.3)
plus an identical contribution for vk, where k = |k|. Defining
wk = auk
√
k
4πG
, (3.4)
and switching to the variable η = −kτ , the Mukhanov action reads
St =
1
2
∫
dη
[
w′2
k
− w2
k
+
(
ν2t −
1
4
)
w2
k
η2
]
, (3.5)
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where the prime denotes the derivative with respect to η and
ν2t −
1
4
= 2τ 2a2H2
(
1− 3
2
α2
)
. (3.6)
Using (2.12), we find
νt =
3
2
+ 3α2 + 16α3 +
355
3
α4 +O(α5). (3.7)
For a while, we drop the subscript k, since no confusion is expected to arise. The
Mukhanov equation derived from (3.5) is
w′′ + w −
(
ν2t −
1
4
)
w
η2
= 0 (3.8)
and must be solved with the Bunch-Davies vacuum condition
w(η) ∼ e
iη
√
2
for large η. (3.9)
The solution can be worked out by expanding in powers of α0 = α(1/k). Since there is
no O(α) term in (3.7), the first correction to w is of order α20. We have
w(η) = w0(η) + α
2
0w2(η) + α
3
0w3(η) + · · · . (3.10)
Inserting (3.10) into (3.8), we obtain equations of the form
w′′n + wn −
2wn
η2
=
gn(η)
η2
. (3.11)
where g0(η) = g1(η) = 0, while gn(η) , n > 1, are functions that are determined recursively
from wk with k < n. Using the expansion (3.7), then expressing α, which is α(−τ), as the
running coupling of the previous section, which we can expand in powers of α0 by means
of formula (2.19), we find
g2 = 9w0, g3 = 12w0(4−3 ln η), g4 = 9w2+2w0(182−159 ln η+54 ln2 η), (3.12)
etc.
The solution for n = 0 is
w0 =
(η + i)
η
√
2
eiη, (3.13)
where the arbitrary constants are determined by the Bunch-Davies condition (3.9). The
solutions for n > 0 are
wn(η) =
∫ ∞
η
gn(η
′)dη′
ηη′3
[(η − η′) cos(η − η′)− (1 + ηη′) sin(η − η′)] . (3.14)
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Again, the arbitrary constants are determined to preserve (3.9), which requires wn(η)→ 0
for η →∞ for every n > 1.
For example, using (3.12) for g2 and g3, we find
w2(η)=
3
η
√
2
[
2ieiη + (η − i)e−iη (Ei(2iη)− iπ)] ,
w3(η)=−12i
√
2eiη ln η
η
+
3
√
2(η − i)e−iη
η
(
2iπ − π
2
12
− iπγM − 2(ln η + 1)Ei(2iη)
+iπ ln η + (ln η + γM)
2 + 4iη F 1,1,12,2,2 (2iη)
)
, (3.15)
where Ei is the exponential-integral function, F
a1,··· ,ap
b1,··· ,bq
(z) is the generalized hypergeomet-
ric function pFq({a1, · · · , ap}, {b1, · · · , bq}; z) and γM ≡ γE + ln 2, γE being the Euler-
Mascheroni constant. The combination γM is going to appear frequently from now on.
In the limit η →∞, the functions gn and wn, n > 1, satisfy
lim
η→∞
η1−δgn(η) = 0, lim
η→∞
η1−δwn(η) = 0, (3.16)
for every δ > 0.
The power spectrum must be calculated in the superhorizon limit, which is η → 0.
There, we have
gn(η) ∼
η∼0
1
η
P
(g)
n−2(ln η) +O(lnn−2 η) wn(η) ∼
η∼0
1
η
P
(w)
n−1(ln η) +O(lnn−1 η), (3.17)
where P
(g)
k and P
(w)
k are polynomials of degree k. Moreover, the superhorizon limit allows
us to drop the term wn in equation (3.11), because it is dominated by 2wn/η
2. Once we
do that, the solution (3.14) simplifies to
wn(η) ∼
η∼0
− 1
3η
∫ η
η1
gn(η
′)dη′ +
η2
3
∫ η
η2
gn(η
′)dη′
η′3
, (3.18)
for n > 1, where η1 and η2 are arbitrary constants. In particular, if we take
gn(η) ∼
η∼0
cn
η
lnn−2 η + subleading, (3.19)
where cn are constants, we obtain
wn(η) ∼
η∼0
− cn
3(n− 1)
lnn−1 η
η
+ subleading, n > 1. (3.20)
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Now we use these results to resum the leading log corrections in the power spectrum.
For this purpose it is enough to truncate (3.7) to order α2 and replace α with (2.17), so
equation (3.8) simplifies to
w′′ + w − 2w
η2
=
9α20w0
η2(1 + 2α0 ln η)2
.
Then we use the expansion (3.10) to read gn and so the constants cn of (3.19), which turn
out to be
cn = 9i(−1)n(n− 1)2n−3
√
2.
Using (3.20) and resumming (3.10), we find the first correction to w(η):
w(η) ∼ i
η
√
2
(
1− 3α
2
0 ln η
1 + 2α0 ln η
)
. (3.21)
We quantize (3.5) as usual. Reinstating the subscript k, the operator associated with
the fluctuation uk is
uˆk(τ) = uk(τ)aˆk + u
∗
−k(τ)aˆ
†
−k,
where aˆ†
k
and aˆk are creation and annihilation operators, satisfying [aˆk, aˆ
†
k′
] = (2π)3δ(3)(k−
k′). The power spectrum Pu is defined by
〈uˆk(τ)uˆk′(τ)〉 = (2π)3δ(3)(k+ k′)2π
2
k3
Pu, Pu = k
3
2π2
|uk|2. (3.22)
Summing over the tensor polarizations u and v and converting to the common normaliza-
tion, the power spectrum of the tensor fluctuations is
PT (k) = 16Pu(k). (3.23)
Using (3.4) and (3.21), we find
Pu = 2Gk
2
πa2
|wk|2 = GH
2
πa2H2τ 2
(
1− 3α
2
0 ln η
1 + 2α0 ln η
)2
.
Formula (2.12) can be approximated to −aHτ = 1 to the order we are interested in, while
(2.10) can be truncated to H = mφ(1− 3(α/2))/2. In the end, we obtain
PT (k) =
4Gm2φ
π
(1− 3α(−τ))
(
1− 6α
2
0 ln η
1 + 2α0 ln η
)
=
4Gm2φ
π
(1− 3α(1/k)) , (3.24)
having used (2.17) again and dropped higher orders.
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Note that the η dependence has disappeared. This is a general fact, due to the RG
evolution equation obeyed by the power spectrum (see below). The running coupling
α(1/k) at 1/k can be written as the coupling α∗ at a reference scale 1/k∗ evolved to 1/k
by means of the RG equation.
The spectral index is defined by
nT (k) =
d lnPT (k)
d ln k
, (3.25)
hence we have
PT (k) = PT (k∗) exp
(∫ k
k∗
dk′
k′
nT (k
′)
)
. (3.26)
Viewing PT (k) and nT (k) as functions P˜T (α) and n˜T (α) of the coupling α, we can also
write
P˜T (α) = P˜T (α∗) exp
(
−
∫ α
α∗
n˜T (α
′)dα′
βα(α′)
)
.
Using (3.24) and the beta function (2.13), and dropping higher-order corrections, we
find the first contributions to nT and its running coefficients:
nT =
d lnPT
d ln k
= 3βα = −6α2, dnT
d ln k
= 12αβα = −24α3, d
nnT
d ln kn
= −6 · 2n(n + 1)!αn+2,
where α now stands for α(1/k). All the coefficients are related to PT by the RG equations,
which we derive now.
3.2 RG equation of the power spectrum
Now we derive the RG evolution equation obeyed by the power spectrum in the super-
horizon limit. We have seen that the running coupling α(−τ) is an expansion in powers
αl+10 (α0 ln |τ |)n with l > 0, n > 0. Using (2.10) we find that H is mφ/2 plus an expansion
of the same type. By (2.12), −aHτ is equal to 1 plus an analogous expansion. Finally,
integrating (2.11) we find the expansions
−mφt
2
=
(
1 + αl+10 (α0mφt)
n
)
ln
mφ|τ |
2
=
(
1 + αl+10
(
α0 ln
mφ|τ |
2
)n)
ln
mφ|τ |
2
,
a(t)= emφt/2
(
1 + αl0(α0mφt)
n
)
,
mφ|τ |
2
= e−mφt/2
(
1 + αl0(α0mφt)
n
)
, (3.27)
where products such as αp0(α0mφt)
q are symbolic and it is understood that p+ q > 0. It is
always possible to switch from an expansion in t to an expansion in ln |τ |.
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The formulas just written allow us to express everything in terms of exponentials and
powers of t. The exponential behaviors, which can be retrieved from the de Sitter limit,
guide us through the superhorizon limit of the spectra.
Let us recall that the expansion in powers of α is, indeed, the expansion around the
de Sitter limit. Once a contribution is exponentially suppressed in the superhorizon limit
(t → +∞) of the de Sitter limit (α → 0), it cannot be resuscitated by turning on the
expansion in powers of α, since the corrections are just powers of t, as shown above. The
following arguments illustrate these facts more explicitly.
The equations of motion of (3.3) are
d
dt
(
a3u˙k
)
+ k2auk = 0. (3.28)
Let us first consider the de Sitter limit, where a(t) = emφt/2. In the superhorizon limit
t→ +∞ (τ → 0−), the second term on the left-hand side of (3.28) can be dropped, so we
just have a3u˙k = constant, which is solved by
uk = c
∫ t dt′
a(t′)3
+ d = c′e−3mφt/2 + d′, (3.29)
where c, c′, d and d′ are integration constants. From this solution, we see that in the
superhorizon limit we can also drop the contribution c′e−3mφt/2, since it is negligible with
respect to the constant d′. We thus obtain uk = constant.
The conclusion holds throughout the RG flow, as we can prove by turning on α to move
away from the de Sitter limit. Indeed, if we use the expansions given above, we see that
the exponential appearing in (3.29) gets multiplied by powers of t, which cannot overcome
the exponential factor. Instead, the constant d′ is unaffected, since the correction k2auk
appearing in (3.28) is exponentially subleading, which ensures that uk = constant solves
(3.28) in the superhorizon limit even for nonzero α.
We conclude that u tends to a constant for k|τ | → 0. By formulas (3.22) and (3.23),
so does k−3PT . This gives the renormalization-group equation
dPT
d ln|τ | = 0. (3.30)
By equation (3.8) and the Bunch-Davies condition (3.9), the solution w depends on τ
only through η and α(−τ). By (3.4), (3.22) and (3.23), so does the spectrum PT . In
this respect, note that the factor a of (3.4) conspires with the factor 1/η of (3.17) to give
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aη = (−aHτ)k/H , which is a power series in α(−τ) by formulas (2.10) and (2.12). Thus,
equation (3.30) can be rewritten as the RG evolution equation(
∂
∂ln|τ | + βα
∂
∂α
)
PT = 0. (3.31)
The α on the right-hand side of this equation stands for α(−τ). Equation (3.31) has
the standard form of the Callan-Symanzik equation of quantum field theory, with zero
anomalous dimension.
The RG equation tells us that PT is actually τ independent, so in the end it is just a
function of α0 = α(1/k). Formula (3.24) provides an explicit check of the property and so
does formula (3.52) below.
Summarizing, the superhorizon limit k|τ | → 0 kills the powers of k|τ | and the RG
evolution equation completes the job by killing the logarithms of k|τ |, so that, in the end,
no dependence on τ survives.
3.3 Scalar fluctuations
Now we study the scalar fluctuations in the R+R2 theory. We choose the comoving gauge,
where the fluctuation δφ of the scalar field φ is identically zero. The metric is parametrized
as
gµν = diag(1,−a2,−a2,−a2) + 2diag(Φ, a2Ψ, a2Ψ, a2Ψ)− δ0µδiν∂iB − δiµδ0ν∂iB. (3.32)
After Fourier transforming the space coordinates, (2.1) gives the quadratic Lagrangian
(8πG)
Ls
a3
= −3(Ψ˙ +HΦ)2 + 4πGφ˙2Φ2 + k
2
a2
[
2B(Ψ˙ +HΦ) + Ψ(Ψ− 2Φ)
]
,
omitting the subscripts k and −k.
Integrating B out, we obtain Φ = −Ψ˙/H . Inserting this solution back into the action,
we find
(8πG)
Ls
a3
= 3α2
(
Ψ˙2 − k
2
a2
Ψ2
)
. (3.33)
The equation of motion becomes in the superhorizon limit
d
dt
(
a3α2Ψ˙
)
= 0,
which is solved by
Ψ˙ =
c
a3α2
,
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where c is a constant. Using the expansions (3.27), it is easy to see that (in the super-
horizon limit) Ψ˙ tends exponentially to zero, so Ψ tends exponentially to a constant. The
corrections proportional to k2/a2 in (3.33) are also exponentially suppressed. Recalling
that Ψ coincides with the curvature perturbation R in the gauge we are using, we obtain
the RG equation
dPR
d ln|τ | = 0 (3.34)
for the spectrum PR of the R fluctuations. Again, since the solution w of the Mukhanov
equation depends on τ only through η and α(−τ), and so does the spectrum PR, equation
(3.34) can be rewritten as (
∂
∂ln|τ | + βα
∂
∂α
)
PR = 0. (3.35)
The calculations we are going to perform will provide nontrivial checks of this formula.
Like PT , the spectrum PR has a vanishing anomalous dimension.
Defining
w = αaΨ
√
3k
4πG
, (3.36)
the Mukhanov action reads
Ss =
1
2
∫
dη
[
w′2 − w2 +
(
ν2s −
1
4
)
w2
η2
]
, (3.37)
where
ν2s −
1
4
=
(
βα
α
+ aHτ − 1 + βα d
dα
)(
βα
α
+ aHτ
)
.
Using (2.12), we find
νs =
3
2
+ 2α + 6α2 +
208
9
α3 +
1361
9
α4 +O(α5). (3.38)
As before, the Mukhanov equation
w′′ + w −
(
ν2s −
1
4
)
w
η2
= 0 (3.39)
can be solved by expanding in powers of α, but this time we have to include a term
proportional to α0:
w(η) = w0(η) + α0w1(η) + α
2
0w2(η) + α
3
0w3(η) + · · · . (3.40)
We obtain equations of the form
w′′n + wn −
2wn
η2
=
gn(η)
η4
, (3.41)
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where the functions gn are determined recursively from wk, k < n, as explained in subsec-
tion 3.1. We find g0(η) = 0 and
g1 = 6w0, g2 = 2(11− 6 ln η)w0 + g+1 , g3 =
(
280
3
− 98 ln η + 24 ln2 η
)
w0 + g
+
2 ,
(3.42)
etc., where g+k means gk with every wm replaced by wm+1.
The function w0 is still (3.13), while w1 coincides with the w2 of (3.15) apart from the
overall factor:
w1(η) =
√
2
η
[
2ieiη + (η − i)e−iη (Ei(2iη)− iπ)] . (3.43)
The functions wk with k > 1 can be written by quadratures.
Now we study the power spectrum. In the limit η → ∞, the functions gn and wn,
n > 0, satisfy (3.16) for every δ > 0. In the superhorizon limit η → 0, we have
gn(η) ∼
η∼0
1
η
P
(g)
n−1(ln η) +O(lnn−1 η) wn(η) ∼
η∼0
1
η
P (w)n (ln η) +O(lnn η). (3.44)
As in the case of the tensor fluctuations, we can drop the term wn of equation (3.11) for
η → 0 and the solution (3.14) simplifies to the form (3.18).
To the leading log order, it is enough to truncate (3.38) to order α and replace α with
(2.17). Equation (3.41) then simplifies to
w′′ + w − 2w
η2
=
6α0w
η2(1 + 2α0 ln η)
.
Formulas (3.44) suggest to parametrize the leading behavior of wn as
wn(η) ∼
η∼0
idn
η
√
2
(−2 ln η)n, (3.45)
where dn are constants. Expanding in powers of α0, we find equation (3.41) with
gn(η) =
3i
√
2
η
(−2 ln η)n−1
n−1∑
k=0
dk. (3.46)
Using (3.18), we obtain
wn(η) ∼
η∼0
i
η
√
2
(−2 ln η)n 1
n
n−1∑
k=0
dk. (3.47)
Matching (3.47) with (3.45), we obtain a recursion relation for the constants dk. Since
d0 = 1, all the dk turn out to be equal to one.
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Resumming (3.40) we find the leading log correction to w(η), which is
w(η) ∼
η∼0
i
η
√
2
1
1 + 2α0 ln η
. (3.48)
Now, using (3.36), the leading log behavior of the curvature perturbation turns out to be
R = Ψ = w
aα
√
4πG
3k
∼
√
4πG
3k
i
aαη
√
2
1
1 + 2α0 ln η
. (3.49)
The R power spectrum is defined by
〈Rk(τ)Rk′(τ)〉 = (2π)3δ(3)(k+ k′)2π
2
k3
PR, 2π
2
k3
PR = |Ψ|2, (3.50)
so (3.49) gives
PR = GH
2
3π(aHτ)2
1
α(−τ)2(1 + 2α0 ln η)2 . (3.51)
Using (2.10) and (2.12) with α(−τ) given by (2.17), we find
PR(k) =
Gm2φ
12πα20
=
m2φG
12πα(1/k)2
, (3.52)
which does satisfy the RG equation (3.35). As expected, the τ dependence has disappeared.
The spectral index is defined by
d lnPR(k)
d ln k
= nR(k)− 1.
We find
nR − 1 = −4α, dnR
d ln k
= 4βα = −8α2, d
nnR
d ln kn
= −2n+2n!αn+1, (3.53)
where α stands for α(1/k). Again, the leading log contributions to the running, the running
of the running, etc., are all related to the leading log contribution to nR−1, and ultimately
PR, by the RG equation.
3.4 Subleading log corrections
Now we study the subleading log corrections to the power spectra of the tensor and scalar
fluctuations. It is convenient to expand the Mukhanov equation in a more systematic way.
We write it as
w′′ + w − 2w
η2
= σ
w
η2
, (3.54)
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where σ = ν2 − (9/4) = O(α) is a power series in α, while ν is νt or νs.
We start by studying some general properties of this equation. Following (3.17) and
(3.44), we separate ηw(η) into a power series Q(ln η) in ln η plus the rest:
ηw = Q(ln η) +W (η), (3.55)
where W (η) is an expansion in powers of η and logarithms ln η, such that W (η) → 0
term-by-term for η → 0. Then we observe that if the right-hand side of (3.54) is
σ
w
η2
=
c
η3−m
lnn η, (3.56)
where c is a constant and n,m > 0 are integers, it is easy to show, using (3.14) or (3.18),
that only m = 0 contributes to Q(ln η). Such contributions are equal to
Q(ln η) = − c
9
n−1∑
k=−1
3−k
dk
d lnk η
lnn η + constant, (3.57)
where it is understood that the “−1 derivative” (k = 0) is the integral from 0 to ln η:
d−1f(x)
dx−1
≡
∫ x
0
f (x′) dx′.
The constant in (3.57) is left unspecified, because it does not provide useful information
at this level, for the reasons we explain below. Summing the contributions due to (3.56)
for m = 0, n > 0, we find the equation satisfied by Q, which is
Q = −1
9
∞∑
n=−1
3−n
dn(σQ)
d lnn η
+ constant. (3.58)
Differentiating it once, we get
dQ
d ln η
= −σ
3
Q− 1
3
∞∑
n=1
3−n
dn(σQ)
d lnn η
. (3.59)
As for the leading logs, it is sufficient to truncate this equation to the first term on the
right-hand side. Then the equation integrates to
Q(ln η) = Q(0) exp
(
−1
3
∫ ln η
0
σ(α(η′/k))d ln η′
)
= Q(0) exp
(
−1
3
∫ α(−τ)
α0
σ(α′)
βα(α′)
dα′
)
.
(3.60)
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To verify this formula in the cases of the tensor and scalar fluctuations, it is sufficient
to use formula (2.17) for the running coupling and truncate the beta function to its first
contribution, which is −2α2. In the tensor case, formula (3.7) gives σ = 9α2 to the lowest
order, so we obtain
Q(ln η) = Q(0) exp
(
− 3α
2
0 ln η
1 + 2α0 ln η
)
= Q(0)
(
1− 3α
2
0 ln η
1 + 2α0 ln η
+ subleading
)
,
which agrees with (3.21) for Q(0) = i/
√
2. In the scalar case, formula (3.38) gives σ = 6α
to the lowest order, so we find
Q(ln η) =
Q(0)
1 + 2α0 ln η
,
which agrees with (3.48) for Q(0) = i/
√
2 again.
The integration constant Q(0) cannot be computed just from the behaviors of the
functions for η → 0. Indeed, it is not enough to know the integrand of (3.14) for η ∼ 0 to
calculate the contributions to the integral that have the form constant/η. Yet, equation
(3.59) is enough to perform a full check of the RG equations (3.31) and (3.35), since it
encodes all the contributions ∼ (lnn η)/η with n > 0.
We first verify the validity of the evolution equations to the next-to-leading log order
and later compute Q(0) to the same order. The next-to-leading log corrections can be
studied by keeping one term more on the right-hand-side of (3.59), as well as in the beta
function, the running coupling and the expression of σ. Specifically, the beta function can
be truncated to βα = −2α2 − (5/3)α3. As for the running coupling, we can use formula
(2.21). The formulas of σ can instead be truncated to σ = ν2t − (9/4) = 9α2 + 48α3 and
σ = ν2s − (9/4) = 6α+ 22α2 for tensors and scalars, respectively.
The truncated version of (3.59), which is
dQ
d ln η
= −σ
3
Q− 1
9
d(σQ)
d ln η
,
is solved by
Q(ln η) = Q(0)
9 + σ(α0)
9 + σ(α(−τ)) exp
(
−
∫ α(−τ)
α0
3σ(α′)dα′
(9 + σ(α′))βα(α′)
)
. (3.61)
Moreover, the power spectra (3.23) and (3.50) require formulas (2.10) and (2.12) up to
the order α2, so we use
H =
mφ
2
(
1− 3α
2
+
7α2
4
)
, −aHτ = 1 + 3α2.
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Putting all the ingredients together, we find
PT =
8Gm2φ
π
|Q(T )(0)|2
(
1− 3α(1/k)− 1
4
α(1/k)2
)
,
PR=
Gm2φ
6π
|Q(R)(0)|2
α(1/k)2
(1− 3α(1/k)) . (3.62)
for tensors and scalars, respectively. We see that the τ dependence has disappeared again,
in agreement with the RG equations.
Now we come to the integration constant Q(0). In general, we have
Q(0) =
i√
2
h(α0), (3.63)
where h(α0) = 1+O(α0) is a power series in α0. As said, it is not necessary to know Q(0)
to check the RG equation. Yet, its knowledge is crucial to determine the subleading log
corrections to the power spectra. The constants Q(T )(0) and Q(R)(0) of PT and PR can be
calculated from the definition (3.55) by means of the complete expressions of the functions
wn. Using formulas (3.15) and (3.43), we find
Q(T )(ln η)=
i√
2
(
1 +
3
2
α20(4− 2γM + iπ − 2 ln η)
)
+O(α30),
Q(R)(ln η)=
i√
2
(
1 + α0(4− 2γM + iπ − 2 ln η)
)
+O(α20). (3.64)
In the end, we obtain
PT (k)=
4Gm2φ
π
[
1− 3α(1/k) +
(
47
4
− 6γM
)
α(1/k)2
]
,
PR(k)=
Gm2φ
12πα(1/k)2
(
1 + (5− 4γM)α(1/k)
)
. (3.65)
The results agree with those of ref. [20] in the limit mχ →∞. In addition, now we know
how to use them to calculate the subleading log corrections to the spectral indices and
their running coefficients. For the tensor fluctuations, we find
nT =−βα(α)∂ lnPT
∂α
= −6α2 + 24α3(1− γM),
dnT
d ln k
=−βα(α)∂nT
∂α
= −24α3 + 4α4(31− 36γM), (3.66)
d2nT
d ln k 2
=−βα(α) ∂
∂α
(
−βα(α)∂nT
∂α
)
= −144α4 + 8α5(109− 144γM).
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etc., where now α stands for α(1/k). For the scalar fluctuations, we find
nR − 1=−4α + 4
3
α2(5− 6γM),
dnR
d ln k
=−8α2 + 4α3 (5− 8γM) , d
2nR
d ln k 2
= −32α3 + 8
3
α4 (35− 72γM) , (3.67)
etc.
4 Quantum gravity
In this section we generalize the results to quantum gravity. We begin by proving that the
RG equations still hold.
4.1 RG evolution equations of the power spectra
We prove that the power spectra obey the RG evolution equations (3.31) and (3.35), in
the superhorizon limit. We refer to the notation and formulas of ref. [20].
In the case of the tensor fluctuations, we take the parametrization (3.2) of the metric
and expand the action (2.1). The quadratic Lagrangian in the superhorizon limit reads
Lt = a
3
8πG
[
1 +
2H2
m2χ
(
1− 3
2
α2
)]
u˙2 − u¨
2
m2χ
. (4.68)
We see that the field equations admit the obvious solution u = constant, since Lt depends
only on the derivatives of u. We want to show that this is the only solution that survives
the superhorizon limit. Around the de Sitter space we can use the formulas (3.27), which
expand the solution in terms of exponentials multiplied by power series. The exponential
factors can be derived from the de Sitter limit, where the Lagrangian becomes
Lt = e
3mφt/2
8πG
[
u˙2
(
1 +
m2φ
2m2χ
)
− u¨
2
m2χ
]
.
The most general solution of its equation of motion is
u(t) = c1 + c2e
−3mφt/2 + e−3mφt/4
(
c3e
ist + c4e
−ist
)
, (4.69)
where s =
√
m2χ − (m2φ/16), which is real by the consistency condition mχ > mφ/4 of the
fakeon projection [20]. We see that in the superhorizon limit t→ +∞ only the constant c1
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survives. The conclusion does not change by moving away from the de Sitter limit, since
the exponentials of (4.69) just get multiplied by powers of t.
The arguments given so far apply to the unprojected action (2.1) and the whole space
of solutions of its field equations. Since the relevant solution u = constant belongs to
the physical subspace, the conclusions extend to the projected action as well. Details on
the fakeon projection are given below. Ultimately, by (3.22) and (3.23) the tensor power
spectrum PT satisfies equation (3.30), from which (3.31) follows.
In the case of the scalar fluctuations, we expand the action (2.1) to the quadratic order
with the metric (3.32) (for the result of this operation, see [20]). Next, we remove Φ, which
is an auxiliary field, by means of its own field equation. Third, we define
Ψ = U + f(t)B, (4.70)
where f(t) is a function, and express the Lagrangian in terms of B and the new field U . We
choose f to remove the term proportional to B˙2. After integrating by parts to eliminate
B˙ altogether, B turns into an auxiliary field as well, so we remove it by means of its own
field equation. Then we take the superhorizon limit k/(aH) → 0 and expand around the
de Sitter metric. At the end of these operations, we obtain
(8πG)
Ls
a3
= 3α2
(
U˙2 − 2U¨
2
2m2χ +m
2
φ
)
, Ψ = U +
3mφU˙ + 2U¨
2m2χ +m
2
φ
,
up to higher powers of α. The expression of Ψ is obtained from (4.70) after substituting
B with its solution. Using (3.27) again, the solution of the U field equation has the form
(4.69) up to powers of t multiplying the exponential factors, so Ψ tends to a constant in the
superhorizon limit. Again, the conclusion applies to the unprojected action and extends
immediately to the projected one. This proves that the scalar power spectrum satisfies the
RG evolution equations (3.34) and (3.35).
4.2 Tensor fluctuations
Parametrizing the metric as (3.2), the quadratic Lagrangian obtained from (2.1) is
(8πG)
Lt
a3
= u˙2 − k
2
a2
u2 − 1
m2χ
[
u¨2 − 2
(
H2 − 3
2
α2H2 +
k2
a2
)
u˙2 +
k4
a4
u2
]
, (4.71)
plus an identical contribution for v. We can eliminate the higher derivatives by means
of the procedure used in [20]. Specifically, we add an auxiliary field U and consider the
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extended Lagrangian
L′t = Lt +∆Lt, (4.72)
where
(8πGm2χ)
∆Lt
a3
=
[
m2χγU − u¨−
(
3H − 12α
2H3
m2χγ
)
u˙
−
(
m2χγ +
k2
a2
+
3α2H2(m2χ − 4H2)
m2χγ
+
24α3H4
m2χγ
)
u
]2
(4.73)
and
γ = 1 + 2
H2
m2χ
. (4.74)
It is immediate to show that L′t is equivalent to Lt by replacing U , which appears alge-
braically, with the solution of its own field equation. Note that we have kept an additional
term (the one of order α3) with respect to the formulas of [20]. The reason is that, if
we want to check the RG evolution equation to the order α2, it is necessary to make
calculations to the order α3 included.
We diagonalize L′t in the de Sitter limit by introducing a second field V such that
u = U + V. (4.75)
To the order we need, the Lagrangian L′t takes the form
(8πG)
L′t
a3γ
= U˙2 − k
2
a2
(
1− 12α
2H2
m2χγ
2
− 96α
3H4
m4χγ
2
)
U2 +
36α3H4
m4χγ
2
(m2χ − 4H2)U2
−V˙ 2 +
(
m2χγ +
k2
a2
)
V 2 +
6α2
m2χγ
H2
(
m2χ − 4H2 +
4k2
γa2
)
UV. (4.76)
The fakeon projection amounts to remove the field V by replacing it with a special
solution of its own field equations, which is defined by the fakeon Green function derived
in [20]. For the moment, it is sufficient to know that the solution exists, because from
(4.76) it is evident that the projection equates V to something of order α2. Once the
solution is inserted back into (4.76), the second line turns out to be O(α4). Therefore, the
projected action is given by the first line of (4.76) to the order α3 included. We will need
V later on, though, since it enters formula (4.75).
Defining
w=
a
√
kγ√
4πG
U, σ =
18m2χα
2
m2φ + 2m
2
χ
+
6m2χα
3(32m2χ + 43m
2
φ)
(m2φ + 2m
2
χ)
2
+O(α4),
h=1− 12m
2
χm
2
φα
2
(m2φ + 2m
2
χ)
2
− 12m
2
φα
3(2m4χ + 7m
2
χm
2
φ − 6m4χ)
(m2φ + 2m
2
χ)
3
+O(α4), (4.77)
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then using (2.10) and (2.12) and switching to the conformal time (2.11), the projected
Mukhanov action to order α3 reads
Sprjt =
1
2
∫
dη
(
w′2 − hw2 + 2w
2
η2
+ σ
w2
η2
)
, (4.78)
where the prime denotes the derivative with respect to η = −kτ . Due to the function h in
front of w2, this action is not of the form (3.5) and its equation of motion is not of the form
(3.54). Although the term −hw2 is negligible in the superhorizon limit, it is important in
the opposite limit, through the Bunch-Davies vacuum condition.
The Bunch-Davies condition is necessary to calculate the constants Q(T )(0) and Q(R)(0)
of formulas (3.62), but it is unnecessary to check RG invariance. For these reasons, we first
check the RG evolution equation to the order α2, where we can ignore −hw2, and then
compute the constants Q(0).
The first formula of (4.77) relates w to U , but formula (4.75) tells us that to work out
the u spectrum we also need the relation between V and U . Such a relation is provided
by the fakeon projection, which can be borrowed to the order we need from [20]. Here we
just recall the basic steps that lead to the result.
The V equation of motion derived from (4.76) is(
Σ0 +m
2
χ +
m2φ
2
)
V = − 3α
2m2φ
2(m2φ + 2m
2
χ)
(
m2χ −m2φ +
8m2χk
2
(m2φ + 2m
2
χ)a
2
)
U, (4.79)
where
Σ0 ≡ d
2
dt2
+
3mφ
2
d
dt
+
k2
a2
,
We can easily solve (4.79) in the superhorizon limit up to corrections of higher orders in
α. In that limit, we can ignore the terms proportional to k2/a2. Moreover, (2.8) gives
[Σ0, α] = O(α2) and the U equation of motion gives Σ0U = O(α). Basically, we can
commute Σ0 with α
2 and drop Σ0U , which leads to
V = −3m
2
φ
(
m2χ −m2φ
)
m2φ + 2m
2
χ
1
2Σ0 + 2m2χ +m
2
φ
∣∣∣∣∣
f
α2U = −3α
2m2φ(m
2
χ −m2φ)
(m2φ + 2m
2
χ)
2
U, (4.80)
where the subscript f denotes the fakeon prescription. Its role is to ensure that the solution
is the one written on the right-hand side, with no additions proportional to the solutions
of the homogeneous equation.
At this point, we have all the ingredients we need to use formula (3.61), which gives
PT =
16Gm2χm
2
φ
π(m2φ + 2m
2
χ)
|Q(T )(0)|2
[
1− 6α(1/k)
m2φ + 2m
2
χ
− α(1/k)2m
2
χ(73m
2
φ + 2m
2
χ)
2(m2φ + 2m
2
χ)
2
]
. (4.81)
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As expected, the τ dependence disappears completely, in agreement with the RG evolution
equation (3.30).
The final step is to calculate Q(T )(0), for which it is important to deal with the term
−hw2 of (4.78). We can rewrite (4.78) in the form studied so far by making a change of
variables from η to η˜(η), with η˜′(η) =
√
h(η), and defining
w˜(η˜(η)) = h(η)1/4w(η), σ˜ =
η˜2(σ + 2)
η2h
+
η˜2
16h3
(
4hh′′ − 5h′2)− 2. (4.82)
So doing, (4.78) is recast as
S˜prjt =
1
2
∫
dη˜
(
w˜′2 − w˜2 + 2w˜
2
η˜2
+ σ˜
w˜2
η˜2
)
, (4.83)
where the prime on w˜ denotes the derivative with respect to η˜.
We have to study the expansion in powers of α0. Observe that, using (4.77), σ˜ turns
out to be O (α20), once we insert the expression (2.21) of the running coupling α. Using
the Bunch-Davies condition (3.9) in the variable η˜, which reads
w˜(η˜) ∼ e
iη˜
√
2
for η˜ →∞, (4.84)
the solution of the S˜prjt equation of motion has the form
w˜(η˜) =
(η˜ + i)eiη˜√
2η˜
+ α20∆w˜(η˜), lim
η˜→∞
∆w˜(η˜) = 0. (4.85)
Indeed, we know that for α0 = 0 the exact solution is the written one, by (4.84). However,
we also know that (4.84) must hold for every α0. This means that the corrections neglected
in (4.85) must be O(α20) and disappear in the limit η˜ →∞.
Switching back to the variable η by means of the formula
η˜(η) =
∫ η
0
√
h(η′)dη′,
we can work out the vacuum condition for (4.78) from (4.85). Using the first equation of
(4.82), we find
η˜ ≃ η
(
1− 6α
2
0m
2
χm
2
φ
(m2φ + 2m
2
χ)
2
)
, w(η) = w˜(η˜(η))h(η)−1/4 ≃ e
iη
√
2
[
1 +
3(3− 2iη)α20m2χm2φ
(m2φ + 2m
2
χ)
2
]
,
(4.86)
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up to terms that are of higher orders in α0 or negligible for η large. If we want to push the
calculations to sub-subleading log orders, other terms of the large η˜ expansion in (4.85)
need to be kept.
By expanding w in powers of α0 as in (3.10), we derive the differential equations obeyed
by the functions wn. Formula (4.86) gives the asymptotic conditions for the first two, which
are
w0(η) ≃ e
iη
√
2
, w2(η) ≃
3m2χm
2
φe
iη(3− 2iη)√
2(m2φ + 2m
2
χ)
2
, for η large.
We find (3.13) and
w2(η) =
3
√
2m2χ
η(m2φ + 2m
2
χ)
[
2ieiη
(
1 +
m2φ(3− 3iη − 2η2)
4(m2φ + 2m
2
χ)
)
+ (η − i)e−iη (Ei(2iη)− iπ)
]
,
(4.87)
which upgrades the function w2 of formula (3.15). Studying the η → 0 behavior of w(η)
we can extract Q(ln η) by means of the decomposition (3.55). The outcome leads to
Q(T )(0) =
i√
2
[
1 +
3α20m
2
χ(7m
2
φ + 8m
2
χ)
(m2φ + 2m
2
χ)
2
− 3α
2
0m
2
χ(2γM − iπ)
m2φ + 2m
2
χ
]
,
which upgrades the result encoded in the first line of (3.64). Finally, inserting Q(T )(0) into
(4.81) we obtain
PT =
8Gm2χm
2
φ
π(m2φ + 2m
2
χ)
[
1− 6m
2
χα(1/k)
m2φ + 2m
2
χ
+
36m4χα(1/k)
2
(m2φ + 2m
2
χ)
2
+
α(1/k)2m2χ(11− 24γM)
2(m2φ + 2m
2
χ)
]
.
(4.88)
which upgrades the first line of (3.65) and agrees with the result of [20].
The cosmic RG flow allows us to derive the spectral index to the next-to-leading log
order (in [20] it was computed to the leading order), as well as the whole running of the
spectrum to the next-to-leading log order. Using the beta function βα = −2α2 − (5/3)α3
to order α3, the right-hand sides of (3.66) are upgraded to
nT = −βα(α)∂ lnPT
∂α
=−12α
2m2χ(1 + 4αγM)
m2φ + 2m
2
χ
+
12α3m2χ(m
2
φ + 8m
2
χ)
(m2φ + 2m
2
χ)
2
,
m2φ + 2m
2
χ
2nm2χα
n+2(n + 1)!
dnnT
d ln k n
=
m2φ + 2m
2
χ
2nm2χα
n+2(n+ 1)!
(
−βα(α) ∂
∂α
)n
nT (4.89)
=−12− 24(n+ 2)αγM + (n+ 2)α
(
3
26m2χ + 7m
2
φ
m2φ + 2m
2
χ
− 10
n+2∑
k=1
1
k
)
.
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4.3 Scalar fluctuations and first correction to r = −8nT
It was shown in ref. [20] that the fakeon χµν belonging to the gravitational triplet does
not affect the quantum gravity predictions concerning the scalar fluctuations, up to the
next-to-leading order included. The results of this paper promote the same conclusion to
the next-to-leading log order, where they coincide with those of formulas (3.65) and (3.67).
In particular,
PR(k) =
Gm2φ
12πα(1/k)2
(
1 + (5− 4γM)α(1/k)
)
nR − 1 = −4α + 4
3
α2(5− 6γM),
dn(nR − 1)
d ln k n
=−2n+2αn+1n!
[
1− n+ 1
6
α
(
15− 12γM − 5
n+2∑
k=1
1
k
)]
. (4.90)
Considering the “dynamical” tensor-to-scalar-ratio
r(k) =
PT (k)
PR(k) , (4.91)
our results allow us to compute the first correction to the relation r = −8nT . Using (4.88),
(4.89) and (4.90), we find, to the order α3 included,
r + 8nT =
PT
PR + 8nT = −
384m2χα(1/k)
3
m2φ + 2m
2
χ
. (4.92)
We recall that the theory does not predict other degrees of freedom (when the matter
sector is switched off), because the fakeon projection eliminates any additional scalar and
tensor perturbations, as well as the vector perturbations.
5 Testable predictions
In this section we work out a number of predictions that have a chance to be tested in
the incoming years [31]. We express the results in terms of a “pivot” scale k∗ and evolve
α(1/k) from k∗ to k by means of the RG evolution equations, using the next-to-leading log
solution (2.21). So doing, the spectra become functions of α∗ ≡ α(1/k∗) and ln(k∗/k).
We take k∗ = 0.05 Mpc
−1 and plot the spectra in the range 10−4 Mpc−1 6 k 6 1
Mpc−1. The data reported in [21] give
ln(1010P∗R) = 3.044± 0.014, n∗R = 0.9649± 0.0042,
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Figure 2: Running spectrum of the scalar fluctuations (in blue) compared to the nonrun-
ning (linearized) truncation (in red). The left picture is superposed to the data reported
in [21]. The right picture magnifies the square at the center of the left picture
where the star superscript means that the quantity is evaluated at k∗. Using formulas
(4.90) we find
α∗ = 0.0087± 0.0010, mφ = (2.99± 0.37) · 1013GeV.
Taking the mean values just listed, the logarithm of the scalar power spectrum PR(k)
given in formula (4.90) plots as shown in the images of figure 2, which give an idea of
the precision we need to confirm the running experimentally. The blue line is the running
spectrum, while the red line denotes the linearized truncation
ln(1010PR(k))
∣∣
linearized
≡ ln(1010P∗R) + (n∗R − 1) ln
k
k∗
. (5.1)
The background of the left picture is an elaboration of the top-right image of Fig. 20 of ref.
[21], which was obtained using Planck TT, TE, EE + lowE + lensing. The right picture
magnifies the square that appears at the center of the left picture. The theoretical error
is too small to be plotted (the contributions we are neglecting are of order α2∗ ≃ 0.01%).
We emphasize the effects of the running in fig. 3, by plotting the difference
lnPR(k)− lnPR(k)|linearized .
By construction, this difference vanishes at the pivot scale.
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Figure 3: Running of the scalar spectrum
The running of the spectrum PT (k) of the tensor fluctuations in shown in fig. 4, by
plotting the difference
lnPT (k)− lnPT (k)|linearized , lnPT (k)|linearized ≡ lnP∗T + n∗T ln
k
k∗
.
The mass mχ of the fakeon χµν is constrained to lie in the range mφ/4 < mχ < ∞ by
the consistency of the fakeon prescription/projection [20]. The blue border of fig. 4 is the
spectrum for mχ = mφ/4, while the red border is the spectrum for mχ =∞.
Plotting the dynamical tensor-to-scalar ratio (4.91) as a function of k, we obtain fig.
5.
At the pivot scale, the correction (4.92) to the relation r = −8nT is predicted to be
1000 (r∗ + 8n∗T ) =
{
−0.0146± 0.0049 for mχ = mφ/4,
−0.131± 0.044 for mχ =∞.
We recall that the measurement of one quantity, such as r∗ (or n∗T ), is enough to
determine the only remaining free parameter of quantum gravity with fakeons, which is
mχ. After that, it is possible to make precision tests of the other predictions.
6 Conclusions
Quantum gravity with purely virtual particles allows us to anticipate the outcomes of
various measurements in inflationary cosmology and maybe pave the way for precision
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Figure 4: Running of the tensor spectrum
tests. The constraints of quantum field theory overcome the lack of predictivity due to the
arbitrariness of classical theories.
In this paper we laid out an important ingredient of the relation between cosmology
and high-energy physics by formulating the history of the early universe as the evolution of
a peculiar type of renormalization-group flow, which we called cosmic RG flow. The flow,
defined by the dependence on the background metric, starts from a fixed point, which is
de Sitter space, but does not end in a fixed point. Viewing inflation as an RG flow offers a
better understanding of it and allows us to simplify various computations, upgrading the
techniques that have been used earlier.
To some extent, it might be possible to describe parts of the later evolution of the
universe as RG flows with modified beta functions, to take into account the contributions
of matter.
The cosmic RG flow is of a “pure” type, in the sense that it is solely governed by the beta
function, since the power spectra have no anomalous dimensions. The core information
of a spectrum is the constant Q(0) of (3.63), which is a power series in the coupling α0
with no a priori relation to the beta function. Because of this, Q(0) is specific of the
(scalar, tensor, etc.) spectrum we consider. The RG information is the part controlled by
the RG equation, so it is universal (i.e., the same for every spectrum) and encoded in the
beta function. Recalling that in quantum field theory the core information of a correlation
function is an extremely complicated nonlocal expression that can be calculated by means
of Feynman diagrams, we can appreciate that the cosmic RG flow has the simplest, yet
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Figure 5: Running of the tensor-to-scalar ratio r(k)
nontrivial structure we can hope for.
The running of the power spectra can be studied efficiently by organizing the pertur-
bative expansion in terms of leading and subleading logs and resumming the powers of
α0 ln η altogether. We have worked out the scalar and tensor spectra and their runnings
in quantum gravity to the next-to-leading log order, together with the first correction to
the relation r + 8nT = 0.
Note that the coupling α of inflation has a value (∼ 1/115 at the pivot scale) that is
close to the value of the QED fine structure constant. This makes the theoretical errors
negligible, once we include a few orders of the expansion in powers of α, as we have
done here. Depending on the experimental resolution that will be achieved in the future,
cosmology might turn into an arena for precision tests of quantum gravity.
The procedures described in this paper can be pushed to higher orders. This requires
to implement the fakeon projection beyond what we have done so far, by following the
iteration procedure of ref. [32]. As shown there, the result is expected to be an asymptotic
series. Given that the fine structure constant α∗ of inflation is as small as 1/115, this
is not an issue. However, at some point high powers of α are outcompeted by the loop
corrections we have been neglecting so far, which requires to rethink the whole strategy
anyway.
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